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We derive a set of renormalization group equations (RGE) for Dirac neutrinos using a rephasing
invariant parametrization. The symmetric properties of these equations under flavor permutation
facilitate the derivation of some exact and approximate RGE invariants. Even though the complete
analytical solutions for the RGE are unavailable, we provide a numerical example that illustrate
the evolution of the neutrino mixing parameters.
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1. Introduction
The bridging over the high energy models and the measured neutrino parameters at low ener-
gies will only be possible if the renormalization effects of neutrino parameters are properly consid-
ered. As the energy scale changes, one expects the formulation of theory to evolve according to the
renormalization group equations (RGE). Intensive effort has thus been devoted to the study of the
RGE effect of the neutrino parameters (see, e.g., [1, 2, 3, 4, 5, 6]). The formulation is in general
rather complicated under the framework of standard parametrization. While it may appear that the
choice of parametrization is not important since the resultant physical quantities are independent of
the parametrization and must be expressed as rephasing invariant combinations of the parameters.
However, for instance, when one considers the relations between parameters such as in the RGE
for neutrino mixing which depends on the energy scale, a particular choice of parametrization may
be advantageous over others.
Whether neutrinos are Dirac or Majorana particles has been one of the most important open
questions of neutrino physics. Both scenarios are well motivated from the theoretical perspectives,
as can be seen from a wealth of studies in the literature (see, e.g., [7, 8]). Although many favor
the well known see-saw mechanism as a support for Majorana neutrinos, there exists other models
that provide theoretical grounds for the possibility of Dirac neutrinos (see, e.g., Ref.[4] and the
references therein). It remains undetermined unless further experimental evidence is confirmed.
However, investigating the theoretical implication for both scenarios will provide indispensable
hints at a more fundamental level.
It is the purpose of this work to investigate the RGE evolution of the Dirac neutrinos using a
new set of rephasing invariant parameters. It is found that the evolution equations for many of the
neutrino parameters take similar matrix expressions, which may facilitate both the analytical and
the numerical study of the RGE evolution, and may provide an alternative and transparent view to
the underlying physics. We discuss some intriguing properties of the parameters and derive RGE
invariants which are combinations of neutrino masses and mixing. For illustration purpose, we also
show examples of the numerical solutions under specific initial conditions.
2. A rephasing invariant parametrization and its properties
The rephasing invariant combinations of elements Vi j for the neutrino mixing matrix V can be
constructed by the product [9, 10, 11, 12, 13]
Γi jk =V1iV2 jV3k = Ri jk− iJ, (2.1)
where the common imaginary part is identified with the Jarlskog invariant, and the real parts are
defined as
(R123,R231,R312;R132,R213,R321) = (x1,x2,x3;y1,y2,y3). (2.2)
The (xi,y j) variables are constrained by two conditions:
detV = (x1 + x2 + x3)− (y1 + y2 + y3) = 1, (2.3)
(x1x2 + x2x3 + x3x1)− (y1y2 + y2y3 + y3y1) = 0, (2.4)
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and they are related to the Jarlskog invariant [14],
J2 = x1x2x3− y1y2y3. (2.5)
In addition, the (xi,y j) variables are bounded by ±1: −1≥ (xi,y j)≥+1, with xi ≥ y j for any pair
of (i, j).
It is convenient to write |Vi j|2 in a matrix form with elements xi− y j:
W = [|Vα i|2] =


x1− y1 x2− y2 x3− y3
x3− y2 x1− y3 x2− y1
x2− y3 x3− y1 x1− y2

 (2.6)
The matrix of the cofactors of W , denoted as w with wTW = (detW )I, is given by
w = [|Vα i|2] =


x1 + y1 x2 + y2 x3 + y3
x3 + y2 x1 + y3 x2 + y1
x2 + y3 x3 + y1 x1 + y2

 (2.7)
The elements of w are also bounded, −1≥ wα i ≥+1.
One may further obtain useful expressions of the rephasing invariant combination formed by
products of four mixing elements,
piαβi j =Vα iVβ jV ∗α jV ∗β i, (2.8)
which can be reduced to
piαβi j = |Vα i|2|Vβ j|2−∑
γk
εαβγεi jkVα iVβ jVγk
= |Vα j|2|Vβ i|2 +∑
γk
εαβγεi jkV ∗α jV ∗β iV ∗γk, (2.9)
where the second term in either expression is one of the Γ’s (Γ∗’s) defined in Eq. (2.1).
3. RGE for the neutrino parameters
The RGE for the Hermitian matrix M ≡ Y †ν Yν , where Yν is the neutrino Yukawa coupling
matrix, is given by
16pi2 dMdt = αM+P
†M+MP (3.1)
at the one-loop level. Here α is real and model-independent, P = CeνY
†
l Yl +CννY
†
ν Yν , with model-
dependent coefficients Clν and Cνν . The Yukawa coupling matrices for neutrinos and charged leptons
are denoted as Yν and Yl , respectively. One may choose the flavor basis where the charged-lepton
Yukawa coupling matrix Yl is diagonal, and the matrix M can be diagonalized by the matrix V :
M =V [diag(h21,h22,h23)]V †, (3.2)
where h2i are the eigenvalues of M.
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[Ai] [A′i]
[A1] =


2x1y1 x1x2 + y2y3 x1x3 + y2y3
x1x3 + y1y2 2x1y3 x1x2 + y1y2
x1x2 + y1y3 x1x3 + y1y3 2x1y2

, [A′1] =


2x1y1 x2x3 + y1y2 x2x3 + y1y3
x1x3 + y1y2 x1x3 + y1y3 2x2y1
x1x2 + y1y3 2x3y1 x1x2 + y1y2


[A2] =


x1x2 + y1y3 2x2y2 x2x3 + y1y3
x2x3 + y2y3 x1x2 + y2y3 2x2y1
2x2y3 x2x3 + y1y2 x1x2 + y1y2

, [A′2] =


x1x3 + y1y2 2x2y2 x1x3 + y2y3
2x3y2 x1x2 + y2y3 x1x2 + y1y2
x2x3 + y2y3 x2x3 + y1y2 2x1y2


[A3] =


x1x3 + y1y2 x2x3 + y1y2 2x3y3
2x3y2 x1x3 + y1y3 x2x3 + y1y3
x2x3 + y2y3 2x3y1 x1x3 + y2y3

, [A′3] =


x1x2 + y1y3 x1x2 + y2y3 2x3y3
x2x3 + y2y3 2x1y3 x2x3 + y1y3
2x2y3 x1x3 + y1y3 x1x3 + y2y3


Table 1: The explicit expressions of the matrices [Ai] and [A′i].
The evolution of the mixing matrix V satisfies the relation,
dV/dt =V T, (3.3)
here the matrix T is anti-Hermitian. One may define D = 16pi2 ddt with t = ln(µ/MW ), and com-
pares the diagonal elements of D(V [diag(h21,h22,h23)]V †) with that of DM to obtain
Dh2i = h2i [α +2Clν(|V1i|2 f 21 + |V2i|2 f 22 + |V3i|2) f 23 ], (3.4)
where f 2i are the eigenvalues of the matrix Y †l Yl , and the Cνν terms have been ignored. From the
off-diagonal elements, we obtain the expression of Ti j:
Ti j =−Hi jP′i j/(16pi2), (3.5)
with P′ =V †PV and
Hi j =
h2i +h2j
h2i −h2j
. (3.6)
To derive the RGE for neutrino mixing parameters, we may use Eq. (3.3), Eq. (3.5), and
Eq. (3.6) to obtain
DΓi jk =−[(∑
l 6=i
V1lHliP′li)V2 jV3k +V1i(∑
l 6= j
V2lHl jP′l j)V3k +V1iV2 j(∑
l 6=k
V3lHlkP′lk)]. (3.7)
The real part of DΓi jk gives rise to Dxi and Dyi in the following matrix forms:
Dxi =−2Clν [∆ f 223,∆ f 231,∆ f 212][Ai][H23,H31,H12]T , (3.8)
Dyi =−2Clν [∆ f 223,∆ f 231,∆ f 212][A′i][H23,H31,H12]T , (3.9)
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here ∆ f 2i j = f 2i − f 2j , and the matrices [Ai] and [A′i] are given by Table I. In addition, the imaginary
part leads to
DJ2 =−2Clν [∆ f 223,∆ f 231,∆ f 212][w][H23,H31,H12]T (3.10)
The evolution equations for Wi j = |Vi j|2 can be derived directly from Dxi and Dyi:
DWi j =−2Clν [∆ f 223,∆ f 231,∆ f 212][Si j][H23,H31,H12]T , (3.11)
where the matrices [Si j] are obtained by using suitable combinations of [Ai] and [A′i]. For instance,
[S23] = [A2]− [A′1], etc. In addition, we denote the real part of piγk as Λγk,
piαβi j ≡ piγk = Λγk + iJ. (3.12)
Since Re(piαβi j ) takes the following forms,
Re(piαβi j ) = |Vα i|2|Vβ j|2− xa = |Vβ i|2|Vα j|2 + yb, (3.13)
the average of the two different forms is thus equal to Λγk,
Λγk =
1
2
(|Vα i|2|Vβ j|2 + |Vα j|2|Vβ i|2−|Vγk|2), (3.14)
where (α ,β ,γ) and (i, j,k) are cyclic permutations. Furthermore, we may write down the elements
of the matrix [w] as
wγk = |Vα i|2|Vβ j|2−|Vα j|2|Vβ i|2. (3.15)
The evolution equation for the elements of [w] can then be shown to take the form:
Dwi j =−2Clν [∆ f 223,∆ f 231,∆ f 212][Gi j][H23,H31,H12]T (3.16)
where the matrices [Gi j] are obtained by using suitable combinations of [Ai] and [A′i]. For instance,
[G21] = [A3]− [A′2], etc.
4. The RGE invariants
The study of RGE invariants has drawn certain attention in recent literature (see, e.g., [15,
16, 17]). The invariants are formed by combinations of physical observables which remain the
same under the RGE running of energy scale. To search for neutrino RGE invariants using our
parametrization, we first define the neutrino mass ratio ri j = mi/m j, where hi =
√
2mi/v in the SM
and hi =
√
2mi/(vcos β ) in the MSSM, with v≃ 246 GeV and tanβ is given by the ratio of the two
Higgs VEVs in MSSM. By calculating D(sinh2 lnri j) and D [ln(sinh2 lnri j)], we obtain
Σi jD [ln(sinh2 lnri j)] = 2Clν [∆ f23,∆ f31,∆ f12][w][H23,H31,H12]T . (4.1)
Combining this result with the expression of DJ2, we find that
D [ln(J2 · sinh2 lnr12 · sinh2 lnr23 · sinh2 lnr31)] = 0, (4.2)
i.e., J2(Πi j sinh2 lnri j) is a RGE invariant.
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Furthermore, one notes that any quantity that is identical to J2 also gives rise to an invariant
when multiplied by Πi j sinh2 lnri j in Eq. (4.2). With the expression of Λγk in Eq. (3.14), it is
straightforward to write down nine different forms of J2 = pi2γk −Λ2γk, which correspond to nine
different combinations of (γ ,k),
J2 = pi2γk−Λ2γk
= |Vα i|2|Vβ j|2|Vα j|2|Vβ i|2−Λ2γk. (4.3)
This leads to nine RGE invariants which consist of |Vi j|2 and the mass ratios lnr2i j:
[|Vα i|2|Vβ j|2|Vα j|2|Vβ i|2−Λ2γk](sinh lnr221)(sinh lnr232)(sinh lnr213) = constant (4.4)
One may also find approximate invariants under certain limiting cases. If f 2α ≫ f 2β , f 2γ , the
evolution equations for D [ln(J2)] and D |Vi j|2 lead directly to
J2/|Vα1|2|Vα2|2|Vα3|2 ≃ constant. (4.5)
Furthermore, if the neutrino masses satisfy the hierarchical condition: Hi j ≫H jk,Hki, then (d lnJ2/dt)+
(d ln(sinh2 lnri j)/dt)≈ 0 and the approximate invariant follows:
J2(sinh2 lnri j) = constant. (4.6)
5. Numerical examples
For the numerical calculation of this work, the quark RGEs using the (x,y) parametrization
shall be adopted from Ref.[18]. To assess the general nature of the RGE, it seems more appropriate
to start from a point with fast evolution, so that most changes may be accomplished in its neighbor-
hood, with minor corrections afterwards. It is pointed out that the low energy physics values are
close to a fixed point of the RGE, and it is crucial to study how they are approached from the high
energy values.
For the purpose of illustration, we adopt the following initial input parameters at high energy
for a numerical example. (i) The quark masses at t = 30 are assumed to be near degenerate with
mq ∼ 173 GeV. (ii) The mixing parameters for quarks are taken to be [x1,x2;y1,y2] = [(1/6) +
ε ,(1/6)− ε ;(−1/6)+ ε ,(−1/6)+ ε ], with ε = 0.01. (iii) The neutrino masses at t = 30 are also
taken to be near degenerate, m′3 ∼ m′2 ∼ m′1 ∼ 0.05 eV. (iv) As for the neutrino mixing parameters,
it is found that (xi,y j) for neutrinos only evolve slightly from their respective initial values. We
therefore adopt [x1,x2;y1,y2] = [(1/3)−ε ,(1/6)−ε ;(−1/3)+ε ,(−1/6)+ε ] as the input at t = 30
so as to yield reasonable mixing parameters at low energy.
We show in Figure 1 a numerical example that illustrate the evolution of |V1i|2(t) for both
quarks and neutrinos in the unit of the respective initial value at t = 30: |V1i|2(t)(30). It is seen that
the quark mixing can evolve quite significantly from high to low t. However, since the neutrino
mixing parameters (xi and yi) only evolve slightly, their elements |Vi j|2 do not evolve much from
the initial values at high energy. This general behavior is in agreement with the expectation of
recent study (see, e.g., Ref[19]). Despite the tiny evolution, the SM and MSSM models suggest
opposite trends of evolution for |Vi j|2 due to the opposite signs of C in each model. It is seen that
|Vi j|2 decreases under one model while increases under the other.
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Figure 1: The evolution of |V1i|2(t)/|V1i|2(t = 30) for neutrinos and |V1i|2q(t)/|V1i|2q(t = 30) for quarks under
SM (solid) and MSSM (dashed).
6. conclusion
We have been able to derive and analyze the RGEs for Dirac neutrinos using a newly intro-
duced set of parameters. Specifically, we show the analytical expressions for Dh2i (or Dm2i ), Dxi,
Dyi, DJ2, D |Vi j|2 (or DWi j), and Dwi j in a matrix form. Certain intriguing properties become
transparent under this parametrization framework. The matrix equations are shown to be highly
symmetric among various parameters, and certain intriguing properties become transparent under
this parametrization framework. This greatly facilitates both the theoretical and numerical study of
the RGE effects for the neutrinos.
Measurable physical quantities are independent of the framework of parametrization, and one
should be able to formulate these observales in an invariant form. Based on the RGE of the pa-
rameters, we derive several RGE invariants which are combinations of the mass ratios, ri j , and the
mixing elements of neutrinos, |Vi j|2. In particular, such invariants are presented by Eq. (4.2) and
Eq. (4.4). Approximate invariants are also presented. We also provide a numerical example that
illustrate the RGE effects of the mixing elements for quarks and neutrinos. It should be pointed out
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that ceratin RGE evolution may be sensitive to the input parameters and that fine-tuning may be
required in order to obtain reasonable values at low energy for all the parameters.
This rephasing invariant parametrization may be further applied to the formulation of RGEs
for the Majorana neutrinos, which requires two more phases (or parameters). We shall present the
details of related work in a future study.
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